éecme 2
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Hoare Triple as a Predicate

{@} s {R} =(@B wp(S,R) o




Rules of Weakest Precondition: Summary

wp§_:=@ R) = Blf)= el &«77(5" 5 w}?(fz,}Z)>
sz;f oW ﬂ_(cfj' e )

- S8 = Wp(SZa R)

WP@ ;E, R) = wp(S1, wp(Sz, R))

AnIE®

e fov Ji
Jtat for §T



Correctness of Proqrams Sequential Composition

g

D Llekre UpCEHPER K= Jztp, 1) (D W
= {wp e o 53

Y,
up (s, wp(Eis oty ) RuALi
< fup b of 53 YA =‘>‘7>}
NF( fmrv:?(, L)F(X"g 'X‘i"l)) Z?
— = X>t*‘l7[k::y] z\' P'
W (’cwf =X, Wp(X:= Y g



Proof Rules using
Weakest Precondition

{Q}x := e{R} =(Qf4 R[x:=e¢€]

C——

wp(x := e,R)

{@Q} if B then S; else nd { R}
{QA B} S {R} (Qr B)= wp(Si, R)
A A — A
{QAr-B }S: {R)} (QA-B) = wp(Sz, R)
(@) 815 S (R) =(Q) wp(S1, wo(S2. R))

wp(Sy ; Sz, R)
i




Loops: Eiffel vs. Java

al o 4f py:
C(slo 7 tme, ba w 5%

eXE . ¥ -



7

ey
Syntax V MMA/‘,. Z}unhme Checks 44‘, A,f 7.

x B o
Sinit

invariant
invariant_tag:

uafil
B

loop

body
var t

variant: tae; @ -~
end




Contracts of Loops: Example

Syntax 4 o tawy {1 Runtime Checks

0',"1
- 2‘4 not B
. |4b=0




Contracts of Loops: Violations

Runtime Checks

i: INTEGER
do

invariant
1 <= 1 and 1 <=¢
until
Moy T >
loop L 0
io.put_string ("iteration " + i.out

exit condi’rion:li > 03]9 Z¢
invariant: 1 <=i<=5 2 /z

variant: 5 - i

V7 lbre




Contracts of Loops: Visualization
ZS‘f Mfﬂﬂ

o 71 2454

Prev state

Iyitializati

Body

Loy

nvariant

( E:mt condztzon )

Postcondition




find max [(a: ARRAY
local i: INTEGER

[INTEGER] ) : INTEGER

do
from
i :=la.lower); Result := al[i] ////’/
invariant /\ Z:
[lOQ_D i riante, v] .:’ fowar </ {- Besylt ﬂrl}
across a.lower |. 5 all Result >= a [j.item] end
untitr———— G _ é 2 / /
i(>) a.upper L’ &g aé"ﬂgg d _Z T

Result then Result := a [i] end A\I / C
vaciant p ‘,44/-{ V. Jj

loop_variant: la.upper — 1 + 1
end

ensure —r—
correctr result: -+~ Vjlalower<j< a. e Res /t> aly]
acrdss a.lower |..| a.upper as jfaleesu >= a [j. J.tem]'
end

end

—

Invariant: Result stores the max of the array scanned so far.
s \
_———————— \ o,cOU‘“







Finding Max: Version 1 4™

find max (a: ARRAY [INTEGER]): INTEGER
local i: INTEGER
do
from
K‘j ”“’9’
1nvar15ht

loop_invariant: —- v/|a/ower<j</ e Result > a[j]

3

20 10140

r:w

R
G,
2) &

across a.lower |..| i as j all Result >= a [j.item] end
until
i > a.upper L
7|4
1f a [i] > Result then Result := a [i] end };Z'/, 62
i :=1+1
variant )
loop_variant: a.upper - 1 + 1 T
end }2’2; 6?(5;;]
ensure <
correct_result: —- Vj|a.lower<j< a.upper e Result > a[j]
across a.lower |..| a.upper as j all Result >= a [j.item]
end
end AFTER ITERATION || i | Result || LI | EXIT (i > a.upper)? | LV
Initialization |@| @ [@ @ o
fst e & © ® o
2nd O © ® ® @




Finding Max: Version 2

find _max (a: ARRAY [INTEGER]): INTEGER 20 lo
local i: INTEGER
do
from
i := a.lower ; Result := a[i]
invariant
loop_invariant: Vj| a.lower < j\< i o/ Result > a[j]
across a.lower |..| (i - 1) as/j all Result >= a [j.item] end
until
i > a.upper
loop
if a [i] > Result then Result := a [i] end
i =1 + D
variant
loop_vari@Rtff a.upper) - i
end
ensure
correct_result: Vj | a.lower < j < a.upper e Result > a[j]
across a.lower |..| a.upper as j all Result >= a [j.item]
end o —
end AFTER ITERATION || i | Result || LI | EXIT (i > a.upper)? | LV
Initialization 1 20 v X .
1st 2 20 v X 2
2nd 3 20 v X 1
3rd 4 40 v X 0
4th ® 6 o o (3




Correct Loops: Proof Obligations

{Q}

o A loop is partially correct if:
» Given precondition Q, the initialization step S establishes L/ .

4LA 8@ Sy 2 Do8 |
V% At the end of Sbod,.‘ not yet to exi I/ is maintained.

T - JZC_ |{/A-B} Spoy {1}
A= y

o if read tcl'ld L‘?I maintained, pOStCOhdItlon R is established.

\
DS Sl T S| -

YAB=H
inates if:

, and Aot yet to ex SbodLmalntaln@ agnon—negative.
) —
(e Given @nd not yet

o A Ioop




Correct Loops: Proof Obligations Initialization:

find max (a: ARRAY [INTEGER]) :
local i: INTEGER

INTEGER

do
from
i := a.lower ; Result := a
invariant

loop_invariant: Vj|a.lower<j<i e Result> a[j]

Ii > a.upper & J ;
I

oop
if a [1i] > Result then Result := a [i] end
1 =1 + 1
variant
loop_variant: a.upper - 1 + 1
end
ensure
correct_result: Vj|a.lower <)< a.upper e Result> a[j]
end
end

Non-Negative Variant:  Decreasing Variant:

Before Termination:

Upon Términation:



Prove

Establishment of Loop Invariant:

{ True }
i := a.lower
Result := al[i]

{ Vj|alower<j<i e Result>al[j] }




Prove

Establishment of Postcondition upon Termination:

(Vj|alower <j<i e Result > a[j]) ni> a.upper
= Vj | a.lower < j < a.upper o Result > a[j]

Hint: Rewrite j < i and i > a.upper using >=

Hint: Identify i, j, a.upper on the number line.



Prove

Loop Variant Stays Non-Negative Before Exit:

{ (Vj|alower<j<i e Result>al[j])A-(i>a.upper) }
if a [i] > Result then Result := a [i] end
1 v= 1 + 1

{ a.upper-i+1>0 }




